ABSTRACT In networked control systems, a zero or hold compensation strategy is usually used for the missing signal when a packet is lost. In this paper, a switching approach is proposed for the consecutive loss compensation, where the packet loss between sensor and controller is modeled as an i.i.d. Bernoulli process. The held signal was divided into three categories, that is, the current signal, usable signal, and unusable signal, according to the number of consecutive loss. Then, the system is built as a switching system with normal, time-delay, and open-loop subsystems, where the switching rule associates with the packet loss. It is theoretically proved that the proposed switching approach is effective for packet loss compensation. The dividing criteria of the held sensor measurements are derived. The usefulness of the proposed results is verified by a numerical example.
I. INTRODUCTION
Networked control systems (NCSs) are closed-loop feedback control systems that connect a large number of decentralized sensors and actuators to one or more controllers and exchange information through real-time shared networks. Compared with the traditional control system, NCSs have the advantages of high efficiency, flexibility and operability, high reliability, simple installation and maintenance, low cost and so on. However, embedding the network into the real-time control system will bring many new problems, such as time delays [1] , [2] , limited bandwidth [3] , [4] and packet loss [5] , [6] , which make the analysis and synthesis of NCSs difficult. Among these problems, the loss of signal due to packet loss and limited bandwidth is the most important, and may damage the stability of the control system.
There are two main compensation strategies for missing signals, namely zero-strategy and hold-strategy. The former is to replace the missing signal with zero (see [7] - [10] ). Hu and Yan [7] used zero to replace a controller input when the packet between the sensor and controller is lost. The necessary and sufficient conditions for stability were obtained by defining a packet dropping margin. Recently, the packet loss process in [10] was modeled as a Markov chain with 0 and 1 representing the failure and success of signal transmission, respectively. For the actuator who does not obtain the current control signal, execute the ''zero'' input. The latter is to use the last successfully transmitted signal stored in a buffer instead of missing signal (see [6] , [11] - [13] ). To mention a few, Sun and Qin [13] used an average dwell time approach to investigate the stability problem of NCSs with packet loss. They concluded the relationship between the loss rate and system stability, where the missing signal was replaced by the held signal which is from the output of the ZOH (zero-order hold). The hold-strategy was also used in [6] to compensate for lost signals, where a method of networked predictive control based on data is presented. The authors obtained a proper control sequence according to the number of consecutive packet loss.
It is important to note that the zero-strategy is used primarily for the convenience of calculation, not for performance, as it generates equations that are much simpler than hold-strategies [14] . In most cases, of course, a holdstrategy is better than a zero-strategy for signal loss problems, especially during the transient phase. However, the authors demonstrate that these two strategies are strictly equivalent in terms of H 2 and H ∞ filtering performance in [15] . In addition, it is shown that a zero-strategy may perform better than a hold-strategy does in [4] , [16] , and [17] . For example, in [4] , the differences between the zerostrategy and hold-strategy were systematically compared. The obtained results from both analytical and numerical perspectives show that although the modeling and results of hold-strategy seem more complete than the zero-strategy one, the results obtained by zero-strategy have better performance.
In this paper, our goal is to derive an improved holdstrategy rather than to compare the performance of the two compensation strategies. We extend the framework for hold-strategy in [18] . The extension is challenging and interesting because the modeling, analysis and design are done in a more general way. It is well known that the held signal is too old for the current calculation, if the number of consecutive loss is too large, even affect the stability of the system. Based on this fact, an improved switching hold-strategy is proposed to reduce the negative effects and computational cost for a discrete system with packet loss modeled as an i.i.d. Bernoulli process. According to the number of consecutive packet loss, we put the held sensor measurement signal into three categories, that is, current signal, usable signal and unusable signal which is the too old signal. To this end, the discrete system is modeled as a stochastic switching system with three modes describing the dynamics of the normal subsystem, time-delay subsystem and open-loop subsystems, where the switching rule is determined by the packet loss. The results of stability analysis and controller design are derived by a switching system theory, where the controller gain is associated with the packet loss probability. Specifically, the dividing criteria of the number of consecutive loss are derived.
This paper is organized as follows. Section II is the problem description, the system subjected to random packet loss is modeled as a stochastic switching system. Section III contains the stability analysis and controller design results which are derived by the switching system theory. An illustrating example showing usefulness of the developed method is given in Section IV. The conclusion follows in Section V.
Notation: In this paper, λ max (X ) = max{λ : λ ∈ λ(X )} if X ≥ 0, where λ(X ) denotes the collection of eigenvalues of matrix X.
II. PROBLEM FORMULATION
Dynamics of discrete linear systems can be described by
where
... is the system state which is measured by a sensor and transmitted to the controller in the form of packet under a single-packet transmission policy via a communication net-
∈ m is the controller output executed by a actuator which communicate controller directly. The special note is that we only consider the packet loss which occurs between the sensor and the controller. Let the binaryvalued function ρ(k) : → {0, 1} denote the packet loss status at time instant k. ρ(k) = 1 indicates that the system state is successfully transmitted. While, when the system state is lost, that is, ρ(k) = 0, the controller will use the last successfully transmitted state.
n(k) is used to denote the number of consecutive loss. We assume that there is no packet loss at initial time, that is, ρ(0) = 1. The sensor measurement actually received by the controller at time k is described as
whereρ(k) = 1 − ρ(k),x(k) is the controller input. Then equation (2) can be decomposed as follows:
It is easily seen that the sensor measurement received by the controller is too old for the current calculation, even cause the system instability, if the number of consecutive loss is too large. We call this too old signal held in the buffer as unusable signal. In order to reduce the negative effects and computational cost, we neglect the unusable signal. According to the number of consecutive loss, we divide the signal received by the controller into three categories, that is, current signal, usable signal and unusable signal. So we assume that the sensor measurement received by the controller is current signal when n(k) = 0, is usable signal when n(k) ≤ r, is unusable signal which will be neglect when n(k) > r, where r is a constant to be determined. We introduce the following indicator function
The controller considered in this paper is
where K γ (k) is the controller gain to be determined. The resulting closed-loop system of (1) is
Obviously, (6) is a switching system with switching signal γ (k) determined by the number of consecutive loss. More specifically, the system is modeled as a switching system with three modes describing different dynamics of the systems, that is, normal, time-delay and open-loop subsystems which are listed as follows:
Remark 1: If the unusable signal is not neglected, the subsystem 3 in (8) becomes a large delayed system, which describes the dynamic with the effects of too larger delays.
The subsystems with pure feedback delay are quite difficult to be stabilized and the larger the delay is the more difficult the subsystem is stabilized [19] . As is known to all, the switching system (6) can be stabilized by designing a system controller applying to each subsystem. However, such method is quite conservative and big computational cost, especially for the newly added larger delay subsystem 3 which maybe not stabilized. One effective method to reduce the conservative and computational cost is to neglect the unusable signal, that is, allow the subsystem 3 to be open-loop. Then the feedback controllers for stabilizing the normal and small delayed subsystems are designed respectively. This approach is based on the fact that one can stabilize a switching system by enabling the unstable subsystem to be activated at a lower frequency [20] .
In addition, the packet loss can be modeled as an i.i.d. Bernoulli random process, so the probability of function ρ(k) is following
It is easily obtained that n(k) and γ (k) are also stochastic variables by combining (3) and (9), the resulting probabilities are listed as follows:
so the probability distribution about γ (k) is following
Pr{n(k) = l} =λ r+1 , so we have the following probability distribution about γ (k)
Notice that probability distribution of γ (k) in (11) is independent of the k, that is, the probability distribution is constant although the k is increasing. So it can be approximated as an i.i.d random process.
The objective of this paper is to derive a mode dependent controller (5) such that the switching system in (6) is mean-square exponentially stable. Furthermore, we aim to find an appropriate r which represents the largest number of holding steps when the consecutive packet loss occurs.
Definition 1: The system in (6) with initial state x(0) = x 0 , is said to be mean-square exponentially stable if there exist constants c > 0 and 0 < β < 1, such that the following inequality holds
III. STABILITY ANALYSIS AND CONTROLLER DESIGN
In this section we provide a systematic framework of meansquare exponentially stability analysis and controller design.
where e 0 = 2λλ +λ r+1 λ, e 1 = I 0 , e 2 = 0 I ,
then, the system in (6) is mean-square exponentially stable with the decay rate κ e 0 β. Proof: The Lyapunov function is given as follows, for subsystem i, i = 1, 2, 3,
, we have, by inequality (13) , that V i (k) ≤ 0 which implies that
For i = 2, let us define
we use Razumikhin theorem for the stable analysis about the time-delay subsystem. Let α > 1, whenever
we have
(22) VOLUME 7, 2019 For appropriately dimensioned matrix H and H 1 ≥ 0,
So we can write
where 
We can eliminate the matrix H 1 in φ 1 < 0 and φ 3 ≥ 0, to obtained the equivalent form in (15) . From (14) and (15), we have V 2 (k) ≤ 0, which leads to
The Lyapunov function is given as follows for switching system (6) with switching signal γ (k),
It leads to x(k − ) = x(k + ) = x(k), based on the fact that the state of system (6) remains constant at the switching points, where x(k − ) denotes the time instant that is immediately before k and x(k + ) denotes the time instant that is immediately after k. By inequality (16) ,
Introduce the following indicator functions
By (21), (26) and (28), one obtain that
which, after expectation, equals to
By (10) and (11), we have
Combining (17) and (31), it follows that
where c = κ −rp 1 p 3 µ rp 3 2 µ −rp 3 3 . By defining β 1 = λ min ( 3 l=1 P l p l ), β 2 = λ max (P 1 ), then one obtain that
which yields
The inequality (18) guarantees that κ e 0 β < 1. Therefore the switching system in (6) is mean-square exponentially stable and ensures a decay rate κ e 0 β according to Definition 1.
The proof is completed.
Remark 2:
The positive scalars µ 1 < 1 and µ 2 < 1 indicate the exponential decay rates of the stabilizable subsystems. The convergence rate of the closed-loop subsystem increases as the decay rate decreases. The positive scalar µ 3 > 1 indicates the exponential increase rate of the open-loop subsystem and the divergence rate of the open-loop subsystem decreases as the increase rate decreases. If the state feedback controllers are well designed such that µ 1 and µ 2 are obtained as small as possible, then a small β can be obtained to satisfy the inequality (17) , which indicates that the switching system (6) has a small decay rate for certain fixed κ, r and the packet loss probabilityλ.
Remark 3: It is important to point out that the results in (17) and (18) have some similarity with the results in [20] which use the average dwell-time technique. However, the system in this paper subjected to packet loss is modeled as stochastic switching system, which is quite different from the deterministic systems presented in [20] . The result in (17) can be rewritten as this form (17). From (11) , it is shown that the consecutive loss probability is decreased rapidly with the increase of the number of consecutive loss. Therefore, the activation probability of the open-loop subsystem is sufficiently small if the packet loss probability is small enough, that is, the negative effect of the open-loop subsystem can be ignored.
Let µ a = max {µ 1 , µ 2 } ≤ β, then we give a corollary from Theorem 1.
Corollary 1: For given positive scalars θ, µ a < 1, µ 3 > 1, κ > 1, α > 1 and β < 1, if there exist matrices P 1 > 0, P 2 > 0, P 3 > 0, R > 0 and appropriately dimensioned matrix H , such that (13)- (16) and the following inequalities hold
then, the system in (6) is mean-square exponentially stable with the decay rate κ e 0 β. Proof: We obtain, from (36), that
Base on the fact that p 1 + p 2 + p 3 = 1, then we can obtained
which leads to (17) by using (38). (37) can be obtained by rearranging (18) . The proof is completed. Remark 4: Note that the sufficient condition about probability of the open-loop subsystem is presented in (36). Actually, p 3 =λ r+1 is very small, so this condition can be easily achieved. However, since the bounding processes µ a ≥ µ l , l = 1, 2, are employed and the constraint µ a < β is required, this condition in (36) is more conservative than that in (17) . Moreover, since e 0 < 1, we can conclude that (37) is always true when κ ≤ 1/β. This provides a basis for choice of κ.
The matrix inequalities in Theorem 1 are not linear, since the controller gains K 1 and K 2 are unknown. Based on the obtained conditions in Theorem 1, the method of controller design is presented in the following theorem.
Theorem 2: For given positive scalars θ , µ 1 < 1, µ 2 < 1, µ 3 > 1, κ > 1, α > 1 and β < 1, the system in (6) is mean-square exponentially stable with the decay rate κ e 0 β, if there exist matrices X 1 > 0, X 2 > 0, X 3 > 0, Z > 0 and appropriately dimensioned matrices M , Y 1 and Y 2 such that (17)- (18) and the following conditions hold
e 1 and e 2 are given in (19) . Moreover, if the above conditions are feasible, the controller gains will be given by
Proof: It is obviously that the following matrix inequality is equivalent to inequality (13) according to Schur complement,
which lead to (40) by pre-and post-multiplying diag{ P
i }, respectively, and introducing new variables
The same derivation process as above, inequality (14) is equivalent to the following matrix inequality,
which can easily lead to (41) by pre-and post-multiplying diag{ P
2 }, respectively, and introducing new variables
By using Schur complements, inequality (15) is equivalent to the following matrix inequality,  The proof is completed. Remark 5: It is noted that the r which represents the largest number of holding steps is assumed to be known in Theorem 2. However, our purpose is to find an appropriate r when the consecutive packet loss occurs. Since the special nature of the switching system (6), r also represents the delayed upper bound of the time-delay subsystem. So we can find an appropriate r based on Theorem 2. The algorithm is given below to solve this problem.
Algorithm 1
Step 1. Set r = 0.
Step 2. Set r = r + 1, give appropriately positive scalars in Theorem 2 such that (17) and (18) hold, then solve linear matrix inequality (40)-(43).
Step 3. If there is a feasible solution, return to step 2, otherwise, set r * = r − 1 and exit. So r * is the largest number of the steps held by the ZOH under the given positive scalars in Theorem 2.
IV. ILLUSTRATIVE EXAMPLE
In this section, we will demonstrate the effectiveness of the proposed results through a numerical example. The dynamics of discrete linear systems (1) are described by the following parameters,
One can see that the above system is instable since two eigenvalues of A are greater than one. Then, let's solve the controller gains by Theorem 2 and the largest number r by Algorithm 1, which can ensure the given system is stable. The packet loss probability is assumed asλ = 0.3. By using Algorithm 1 and choosing µ 1 = 0.8499, µ 2 = 0.9320, µ 3 = 2.8010, α = 1.0110, β = 0.9144, θ = 0.1 and κ = 1.1090. We obtain that r = 2, p 1 = 0.7000, p 2 = 0.2730, p 3 = 0.0270 and e 0 = 0.4389, therefore the condition, µ Thus, the switching system is mean-square exponentially stable under the designed controller and has the decay rate κ e 0 β = 0.9569. Next, the state trajectories of the closed-loop system is shown in Fig.2 . In this simulation, the initial state of the switching system is given as x(0) = 10 −5 7 −6 . The distribution of packet loss which is equal to the switching sequence is shown in Fig.1 , in which the y-axis denote the status of packet loss with '0' and '1'. The state trajectories of the corresponding system is depicted in Fig.2 , from which we see that all state components converge to zero.
V. CONCLUSIONS
In this paper, we have discussed the analysis and synthesis problem for a linear discrete-time systems with packet loss assumed as an i.i.d. Bernoulli process. After specific analysis, we found that the number of consecutive loss can be approximated as an i.i.d random process. To solve this packet loss compensation problem, an improved switching method has been proposed. The unusable signal held multi-step by the hold-strategy has been removed in order to reduce the negative effects and computational cost. The processed system has been built as a switching system whose switching rule is determined by packet loss. Three modes of the switching system have been used to describe the dynamics of the normal subsystem, time-delay subsystem and open-loop subsystems. The results about analysis and synthesis are obtained by using a switching system theory. It should be pointed out that the resulting conditions are dependent on the dividing criteria r and the packet loss probability. 
